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, and W n = n k=0 n + k 2k 2k k 3 2k − 3 .
We prove that, for any positive integer n and odd prime p, there hold 
Introduction
For any nonnegative integer n, it is easy to see that 2n n 1 2n−1 is always an integer. Z.-W. Sun [12] introduced the following numbers R n = n k=0 n + k 2k 2k k 1 2k − 1 and proved some interesting arithmetic properties of these numbers. For example, Sun [12] proved that, if p is a prime of the form 4k + 1, then
where p = x 2 + y 2 with x ≡ 1 (mod 4). The first aim of this paper is to prove the following result, which was originally conjectured by Z.-W. Sun (see [12, Conjecture 5.4] ). is always an integer. Let
The second aim of this paper is to prove the following congruence and supercongruence. Theorem 1.2 Let n be a positive integer and let p > 3 be a prime. Then
The rest of the paper is organized as follows. In the next section, we shall establish some important lemmas, including a result on the divisibility of a product of four binomial coefficients. The proofs of Theorems 1.1 and 1.2 will be given in Sections 3 and 4, respectively. In Section 5, we will propose some open problems for further study.
Some lemmas
We first establish the following lemma.
Lemma 2.1 Let k, m, n be nonnegative integers with 0 k n m 2n. Then
Proof. Let p be a prime. For the p-adic order of n!, there is a famous formula
where ⌊x⌋ denotes the greatest integer less than or equal to x. It follows that
To prove (2.1), it suffices to show that the right-hand side of (2.2) is nonnegative for any prime p. In what follows, we shall prove that, for any positive integer d, there holds
Note that, by [2, Theorem 1.3], we have
We proceed by considering three cases.
• If • If 
Hence, we have
, we see that the inequality (2.3) still holds in this case.
This completes the proof.
Remark. Some similar divisibility properties of products of binomial coefficients have already been obtained by Z.-W. Sun [10, 11] , Guo [3, 4] , and Guo and Krattenthaler [6] .
The following lemma is critical in our proof of (1.1).
Lemma 2.2 Let n be a nonnegative integer. Then
Proof. By Lemma 2.1 and the fact (2k−1) | 2k k , we deduce that the left-hand side of (2.5), denoted by X n , is always an integer. Applying the multi-variable Zeilberger algorithm (see [1, 13] ), we find that the numbers X n satisfy the following fifth-order recurrence:
− 16(n + 1)(n + 2)(2n + 3)(225792n 8 + 3729152n 7 + 25149436n 6 + 88143056n
It is interesting that we can deduce the following third-order recurrence for X n from (2.6):
In fact, if we denote the left-hand sides of (2.6) and (2.7) by α n and β n , respectively, then we can easily check that 
Therefore, by induction on n, we immediately obtain β n = 0, i.e., the recurrence (2.7) is true. It follows from (2.7) that (n + 1) divides 128(n − 1)(n + 2)(2n + 1)(2n + 3)(7n + 15)X n .
Since gcd(n+1, (n+2)(2n+1)(2n+3)) = 1, gcd(n+1, n−1) = 1, 2, and gcd(n+1, 7n+15) = gcd(n + 1, 8) = 1, 2, 4, 8. we see that (n + 1) divides 2 11 X n . Namely, the expression
is an integer, which means that Xn n+1 must be integral, since the denominator of Xn n+1 is odd. This completes the proof.
The following lemma plays an important part in our proof of (1.4).
Lemma 2.3 Let n be a nonnegative integer. Then
Proof. Let 9Y n denote the left-hand side of (2.8 − 4(n + 1)(n + 2)(n + 3)(n + 4)(2n + 3)(2n + 5)(2n + 9)(31949568n 12 + 710095456n
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+ 6681317524n
10 + 34029339728n 9 + 96227598957n 8 + 112933571943n
× (n + 3)(n + 4)(n + 5) 2 (2n + 3)(2n + 5)(2n + 7)(3993696n 10 + 61804484n
Similarly as before, we can deduce the following simpler recurrence for Y n from (2.9):
− 128(n − 3)(n + 2)(2n + 1)(2n + 3) 2 (2n + 5)(63n 3 + 390n 2 + 785n + 506)Y n + 16(n + 1)(2n + 3)(2n + 5)(63n
− 252)Y n+1 + 4(n + 1)(n + 2)(2n + 1)(2n + 5)(504n 5 + 2805n 4 + 5464n 3 + 4575n 2 + 1400n − 60)Y n+2 − (n + 1)(n + 2)(n + 3) 2 (2n + 1)(2n + 3)(63n 
where γ n and δ n denote the left-hand sides of (2.9) and (2.10), respectively. From (2.10), it is easy to see that (n + 1) divides 128(n − 3)(n + 2)(2n + 1)(2n + 3) 2 (2n + 5)(63n 3 + 390n 2 + 785n + 506)Y n .
Since gcd(n + 1, (n + 2)(2n + 1)(2n + 3) 2 ) = 1, gcd(n + 1, n − 3) = 2 i with 0 i 2, gcd(2n + 5, n + 1) = 3 j with 0 j 1, and gcd(n + 1, 63n 3 + 390n 2 + 785n + 506) = gcd(n + 1, 48) = 2 u · 3 v with 0 u 4 and 0 v 1, we conclude that (n + 1) divides 2 13 · 9Y n . In other words, the ratio
is an integer, which means that 9Yn n+1 must be integral, for the denominator of 9Yn n+1 is odd. This completes the proof.
To prove the supercongruence (1.2), we further need the following lemma.
Lemma 2.4 Let p be a prime. Then
Proof. It is easy to see that
we have
In view of (2.12) and (2.14), to prove (2.11), it suffices to prove that
It is clear that
(by (2.13) and (2.14)). (2.17)
On the other hand, we have
It is not hard to see that
where we used (2.13) in the last step, and so 
Combining (2.22) and (2.23), and noticing the symmetry of i and j, we immediately obtain (2.15). This completes the proof.
We now give our last lemma, which is related to (1.5).
Lemma 2.5 Let p > 3 be a prime. Then
Proof. Similarly as (2.12), there holds
By (2.13), we get
26)
It follows that
Substituting (2.27) and (2.28) into (2.25), and noticing that
we are led to (2.24).
3 Proof of Theorem 1.1
Proof of (1.1). We start with the following identity (see [5, . (3.
3)
It follows from (2.5) that the right-hand side of (3.3) is an integer divisible by n. This completes the proof of (1.1). Then numerical calculation suggests the following conjecture. We also think that a r = (2r + 1)!! 2 = (2r + 1) 2 (2r − 1) 2 · · · 3 2 · 1 is a suitable choice for (5.1).
